Random-bond Hamiltonians of the flux state on the square lattice are investigated. It has a special symmetry and all states are paired except the ones with zero energy. Because of this, there are always zero modes. The states near Eϭ0 are described by massless Dirac fermions. For the zero mode, we can construct a random lattice fermion without a doubling and quite large systems ͑up to 801ϫ801) are treated numerically. We clearly demonstrate that the zero mode is given by a critical wave function. Its multifractal behavior is also compared with the effective field theory.
Random critical points in two dimensions appear in quantum Hall systems and in systems with spin-orbit coupling. Both critical points have important experimental implications, and both are in the strong coupling limit. Because of that we are still unable to calculate their critical exponents analytically, despite the efforts of more than a decade. Recently, a class of exactly solvable two-dimensional random critical points was found. 1,2 However, it was pointed out that the critical points of Dirac fermion systems with random gauge fields contain an infinite number of relevant directions. 2 Thus although the theory is exactly solvable at the critical point, it seems that it can never be realized in real or numerical systems. In this paper, however, we find that the -flux states with bond randomness correspond to Dirac fermion systems with imaginary random gauge fields. Such critical points contain only two relevant directions and can be reached by fine tuning the two parameters. This result suggests that the exactly solvable random critical points in Dirac fermion systems probably can be realized in some random two-dimensional ͑2D͒ systems with Fermi points ͑such as graphite and 2D d-wave superconductors͒.
In this paper, we study random-bond models on the square lattice with only nearest-neighbor hopping. The models have flux per plaquette on the average. When all hopping matrix elements are real ͓in this case the model will be called the random hopping ͑RH͒ model͔, we find that with weak randomness and in a continuum approximation, the states near zero energy are described by two copies of Dirac fermions coupled to imaginary random chemical potential, real random mass, and imaginary gauge fields. The results in Refs. 1 and 3 suggest that the continuum model has a line of random critical points, and due to the imaginary gauge fields and the imaginary chemical potential, the critical points have only one marginally relevant direction if we fix the energy to zero. Thus it could be possible to fine tune parameters to reach the critical line. In fact, the zero-energy states of the fine-tuned model are found to have a multifractal behavior and are critical. 4 We also present direct numerical results indicating that the zero-energy states in the generic randombond model also appear to be critical with multifractal behaviors at least for the systems of sizes up to 801ϫ801. The multifractal scaling function f (␣) for the fine-tuned RH model is calculated numerically, which agrees with the exact result of the continuum theory. 1,2 Another interesting point in our treatment is that we can avoid the fermion doubling as far as the zero-energy states are concerned.
In one dimension, some of the wave functions of the quasiperiodic systems show the critical behavior clearly. 5 In two-dimensions, it was difficult to show the criticality clearly due to the limitation of available system sizes. However, since our models have several specialties as described below, we can treat quite large two-dimensional systems up to 801ϫ801, which enables a clear demonstration.
The wave functions in a two-dimensional random system are believed to be always localized if the system has timereversal symmetry. Thus it is quite interesting that our models have random critical points. There are several reasons why the critical states are allowed in our models in two dimensions. Our random-bond model has a very special property that the random Hamiltonian anti-commute with the operator ␥ defined below. This means that the eigenstates always appear in pairs with energies E and ϪE. Therefore the states near zero energy are quite special, and one may wonder if they are critical states or not. We may also consider a pure system with a small diagonal hopping m ͑which breaks the symmetry mentioned above͒. 6 The symmetry is recovered by taking a limit m→0. When m 0, there is an energy gap near Eϭ0 and there are two energy bands. The Hall conductance of the lower band is ϩsgn(m) and Ϫsgn(m) for the higher one. Since the nonzero Hall conductance is carried by extended states, there are paired extended states in the lower and the higher bands. By taking m→0, the paired extended states merge and disappear at Eϭ0. This suggests the criticality of the Eϭ0 states. Also from a point of the perturbation theory, the density of states of the pure state vanishes at zero energy. Therefore a usual treatment of the perturbative consideration has to be modified. This property, we believe, is also responsible for the appearance of the critical states at zero energy.
Our Hamiltonian is
where the summation is over the nearest-neighbor bonds. We shall analyze the following two types of random-bond models near the flux: ͑i͒ random gauge model
Here ␦ x,y ( j) and ␦t x,y are real random variables. Numerical results of the wave functions for these two models are qualitatively similar. The model ͑i͒ belongs to the unitary ensembles. The model ͑ii͒ preserves time-reversal symmetry and belongs to the orthogonal ensembles, which is suitable for a comparison with the critical continuum theory.
In the absence of the randomness, the system is invariant under the translation and the Hamiltonian is written in momentum space:
). We see that the zero-energy state is formed by the fermions with momentum k 1 ϭ(/2,/2) and k 2 ϭ(Ϫ/2,/2). Expanding it near k 1 and k 2 , we find in the continuum approximation that H 0 becomes
͑3͒
with ⌿ † ϭ1/(4 2 )͐d␦k x ␦k y e Ϫi␦k x xϪi␦k y y ( k 1 † , k 2 † ) and
where 's are the Pauli matrices. We assume that ⌿ take the same value on four sites (x,y)ϭ(2m,2n), (2mϩ1,2n), (2m,2nϩ1), (2mϩ1,2nϩ1). Note that for weak impurities, the states near zero energy are described by the smooth function ⌿(x). Therefore we can derive a continuum theory to describe those states near zero energy. Before deriving the continuum theory with randomness, we first study the symmetries of the lattice Hamiltonian. Since the square lattice is bipartite, the transformation
is the continuum Hamiltonian. The contribution from the randomness ␦HϵHϪH 0 has a form ␦Hϭ͐d 2 x⌿ † g(x)⌿ if we ignore the terms containing derivatives. The above condition implies that the most general form of the g(x) is given by a linear combination of the 4 by 4 matrices: ␥ 1 ϭ 2 I, ␥ 2 ϭ 1 2 , ␥ 3 ϭϪ 2 1 , ␥ 4 ϭI 2 with coefficients 2a i (x), iϭ1, . . . ,4. The total Hamiltonian, after a change of basis to make ␥ϭϪ 3 I(⌿ϭT⌿Ј, Tϭ(I Iϩi 2 1 )/ͱ2), is given by
Note that the averaged Hamiltonian is invariant under translation (x,y)→(xϩ1,y). This requires that ͗a i ͘ϭ0 for iϭ1,2,3. The averaged Hamiltonian is also invariant under reflection (x,y)→(x,Ϫy). This implies that ͗a 4 ͘ϭ0.
The zero-energy state of H satisfies
where ( ϩ Ϫ )ϭ⌿Ј. Thus the random-bond model contains two
Dirac fermions in a continuum approximation, which is the famous fermion doubling of the lattice fermions. It causes several difficulties in numerical calculations. However, as we discuss below, we can avoid the doubling as far as the Eϭ0 state is concerned. Now let us discuss about the doubling that arises from the lattice models. Since our model is a nearest-neighbor hopping model on a bipartite lattice, we can write the Hamiltonian as
of fermion operators at one of the sublattices (ϩ) and ͕c Ϫ ͖ϭ͕c j x , j y ͉ j x ϩ j y is odd͖ϭ͕c ϩϪ ,c Ϫϩ ͖ is the other (Ϫ). Here let us assume a system to be L x ϫL y with both odd L x and L y with a fixed boundary condition. ͓We label the sites as (1,1), . . . ,(L x ,L y ).͔ Then a total number of sites L x L y ϭN ϩ ϩN Ϫ is odd with N ϩ ϭN Ϫ ϩ1 where N ϩ ϭ#͕ϩ sites͖, N Ϫ ϭ#͕Ϫ sites͖. Therefore D is a N ϩ ϫN Ϫ ϭN ϩ ϫ(N ϩ Ϫ1) rectangular matrix. The Schrödinger equation is reduced to DD † ϩ ϭE 2 ϩ and D † D Ϫ ϭE 2 Ϫ . Any state with E 0 has a pair state at
, there is always zero mode. The wave function at Eϭ0 satisfies
Since dim ϩ Eϭ0 ϭN ϩ , the first one gives N Ϫ ϭN ϩ Ϫ1 equations for N ϩ variables and there is a one -dimensional nonvanishing solution. ͑Therefore this zero mode is not degenerate in general.͒ On the other hand, since dim Ϫ Eϭ0 ϭN Ϫ ϭN ϩ Ϫ1, the second one gives N ϩ equations for N Ϫ ϭN ϩ Ϫ1 variables, this is overdetermined. Therefore we have Ϫ Eϭ0 ϭ0. This gives an important restriction in the continuum model. It implies Ϫ ϭ0 ͑9͒
in Eq. ͑6͒ since the transformation matrix between ͉⌿͘Ј's and the site operators' UT Ϫ1 U Ϫ1 , only mixes operators within each sublattices. Therefore there is no degeneracy ͑doubling͒ for the Eϭ0 state. This Eϭ0 state is described by a usual two component spinor. Therefore the independent component is not four but two as far as the Eϭ0 state is concerned. We could avoid the doubling by using the above special conditions. Random gauge model. Now let us show numerical results for the random gauge model. In the previous numerical calculations for the flux state with randomness, 7 it was not possible to treat large two-dimensional systems. In the present work, however, we only need the eigenstate of a semipositive definite operator DD † with zero eigenvalue. This and the fact that the Eϭ0 eigenstates are generally not degenerate enable us to treat large size systems up to 801ϫ801. We take ␦ x (i) and ␦ y (i) to be uniform random numbers between ϪV/2 to V/2. In Fig. 1 , the wave function is shown for Vϭ0.2 with a system size of 801ϫ801, where it is coarse grained over 4 sites on the plaquette. It seems to be neither localized nor extended in the usual manner. To understand the nature of the wave functions, the function f (␣) obtained numerically is also shown. The box size dependence is carefully included in the calculations. 5 The maximum of f (␣) gives a Hausdorf dimension that is always two here since the wave functions are on the square lattice. The value ␣ 0 , which gives the maximum of f (␣), gives scaling of the dominant parts of the wave function. It is two for an extended state that gives uniform nonsingular scaling. For a critical state, ␣ 0 2 and has a singular scaling. 8, 9 In our case, it apparently deviates from 2, which means the zero mode is critical.
Random hopping model. The properties of random Dirac fermion models have been studied in detail recently. We study the random hopping model to make a comparison with the continuum theory. In the continuum approximation, the fact that ␦t x,y 's are real further requires ␥g(x)␥ϭg(x)*.
Thus we take the coefficients a i (x), iϭ1, . . . ,4 to be real. Note that D Ϯ happens to be the Hamiltonian of Dirac fermions with imaginary random gauge potentials (a 1 ,a 2 ), an imaginary random chemical potential a 4 , and a real random mass a 3 . Let (a 1 ,a 2 ), 2a 3 , and 2a 4 have a Gaussian distribution with width g A , g V , and g M , respectively. Averaging over randomness generates four-fermion interactions with (g A ,g V ,g M ) as coupling constants. The one-loop ␤ functions for the above coupling constants are calculated in Ref. 3 as
͓Note that compared to Ref. 3, we have an imaginary random chemical potential, a real random mass, and an imaginary random gauge potential. Thus the ␤ functions are modified accordingly with (g A ,g V ,g M )→(Ϫg A ,Ϫg V ,g M ).͔ The renormalization-group ͑RG͒ equation has a fixed line (g A ,g V ,g M )ϭ(g A ,0,0). Around the fixed line, g V Ϫg M is irrelevent ͑note g A Ͼ0) and thus we may set g V ϭg M . In this case g V ϩg M does not flow, and nonzero g V ϩg M will drive g A →ϱ. Thus the fixed line has at least one ͑marginally͒ relevent direction. Two-fermion operators are also relevant. But those two-fermion operators do not appear since ͗a i ͘ϭ0, iϭ1, . . . ,4 due to the discrete symmetries. Because of the imaginary random gauge potential, the results in Refs. 10 and 3 imply that all charge neutral operators are irrelevant, except two-fermion operators and four-fermion operators discussed above. Thus the fixed line has only one marginally relevent direction. It suggests that the RH model has a line of critical points at zero energy that is described by the line of critical points in the random Dirac fermion model. Those results further suggest that, once we fix the energy to be zero, there is only one marginally relevant direction for the critical line. Thus the critical line in the RH model contains two relevant directions. Due to its relation to the random Dirac fermion model, the critical line in the RH model is exactly solvable, and critical exponents can be calculated exactly.
To describe the critical line, set a 3 ϭa 4 ϭ0. Let us assume the probability distribution of ͓a 1 (r),a 2 (r)͔ is given by P ϰexp"Ϫ͐d 2 r(1/2g A )͓a 1 2 (r)ϩa 2 2 (r)͔…, where g A , characterizing the strength of the gauge field fluctuations, is exactly marginal. Thus g A can be used to parametrize different critical points on the critical line. In general critical exponents are functions of g A .
Note that the energy E couples to an operator ⌿ ϩ † ⌿ ϩ . Since ⌿ ϩ and ⌿ ϩ † belong to two independent Dirac fermion models described by D ϩ and D Ϫ , respectively, the scaling dimension of ⌿ ϩ † ⌿ ϩ is simply the sum of the scaling dimensions of ⌿ ϩ and ⌿ ϩ † . From Ref. 10 , we see that the scaling dimensions of ⌿ ϩ and ⌿ ϩ † are equal to 1/2, which implies that the scaling dimension of ⌿ ϩ † ⌿ ϩ is 1. This means that the dynamical exponent zϭ1 and the density of states scale as N(E)ϰ͉E͉; both exponents are independent of g A . In the continuum theory ͑5͒, the zero-energy state can be solved exactly. 1 Introducing and through a ϭ‫ץ‬ ϩ⑀ ‫ץ‬ , one can show that the zero-energy state ͑with, for example, ␥ϭ1) is given by
and the probability distribution of and is given by Pϰexp"Ϫ͐d 2 r(1/2g A )͕͓‫(ץ‬r)͔ 2 ϩ͓‫(ץ‬r)͔ 2 ͖…. The wave function ͑13͒ with this distribution was studied in detail in Refs. 1,2, and was shown to have a multifractal structure. The exact multifractal scaling function f (␣) is defined on d Ϫ р␣рd ϩ and is given by 2
where d Ϯ ϭ2(1Ϯͱg A /2) 2 for g A Ͻ2 and d ϩ ϭ8ͱg A /2, d Ϫ ϭ0 for g A Ͼ2. 11 We see that for weak randomness (g A Ͻ2) f (␣) is peaked at
The parameters a i (r) in the continuum model are directly related to the lattice randomness. We find that a 1 ϭϪ⌳␦t j, jϩx (Ϫ) j x , a 2 ( j)ϭϪ⌳␦t j, jϩŷ (Ϫ) j x ϩ j y , a 3 ( j) ϭ⌳␦t j, jϩx (Ϫ) j x ϩ j y , and a 4 ( j)ϭϪ⌳␦t j, jϩŷ (Ϫ) j y with a dimensional parameter ⌳. Therefore if we chose ␦t i j to satisfy ␦t j, jϩx ϭ␦t jϩŷ , jϩŷ ϩx and ␦t j, jϩŷ ϭϪ␦t jϩx , jϩx ϩŷ , then g V ϭg M ϭ0 and the lattice model will be on the critical line. We used this parametrization and performed a numerical calculation on the above fine-tuned RH model. We set ␦t x,y as Gaussian random numbers with a variance V 2 (g A ϭ⌳ 2 V 2 ). In Fig. 2 , we have plotted a singular scaling function f (␣). In the calculation, g A is obtained from a value of ␣ 0 . The f (␣) obtained from numerical calculation agrees well with the exact theoretical result Eq. ͑14͒.
In summary, we find that in the continuum approximation, the RH model at zero energy has a critical line with only one marginally relevent direction. This analytical result is supported by numerical calculations on the fine-tuned RH model. Therefore the RH model is described by the continuum random Dirac fermions as far as critical behavior is concerned. We also find that the zero-energy states of the general random bond models also appear to be critical according to our numerical results. However, the numerical calculations cannot eliminate the possibility of localization with huge correlation length ͑more than 800 lattice spac-ings͒, which may appear in our problem due to the marginally relevant direction. theory of Ref. 2 has large amplitude fluctuations. It is also nonnormalizable in the thermodynamic limit, a fact which is central to the deviation of the parabolic f (␣) in Eq. ͑14͒. The numerical wave functions for the zero modes of our random bond models shows similar large wave functions. The parabolic f (␣)'s we find numerically provide evidence that these wave functions are both critical and non-normalizable in the thermo-dynamic limit, consistent with the effective field theory. 
